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out clearly in such a speculation how acceleration had been being involved in the recessional
velocity of galaxies. The argument of indicating the existence of an acceleration in a general
recession of distant galaxies is as follows:
The announcement by Hubble in 1929 of a \roughly linear relation between velocities and
distances" established in most astronomers' minds a sort of bird's-eye view of a general recession
of distant galaxies. However, extra care should have been taken for understanding the linear
relation. Our information about the frequency shifts comes to us through the observation of
light emitted by distant sources. It becomes evident that velocity at a distance r presents itself
as a direct consequence of the time of propagation of light 4t = r=c, and hence Hubble's law
nds a natural explanation in terms of v = cH4t. Then the linear increase in recessional
velocities with distance turns out to be a result of longer light travel times from further distant
galaxies. Obviously it reveals an acceleration existing in the general recession of distant galaxies.
The times of propagation of light enable one to identify the red shifts in frequency of
sources in terms of their recessional velocities at the retarded times compared with the time of
observation. As we look further and further out into space, we see galaxies that are presumably
younger and younger, the furthest naturally being those in the remotest past. Observation
makes it obvious that the linear increase in retarded velocities with distance can be put into
the linear decrease in relative velocities with time up to the time of observation. This manifests
the direction of acceleration against the recession. The general recession in deep space of distant
galaxies must therefore be slowing down at a uniform rate.
Hubble's law is then looked upon as a consequence of the recessional velocities of the form
v = v
0
 cHt. Note that the general recession of distant galaxies is the apparent motion relative
to our galaxy in a recession, as can be seen from the vector dierence between velocities. It
is to be emphasized that our galaxy too is in a recession so far as it is not at the center of
expanding universe. Scattering around a straight line of observational data might be due to
recession of our galaxy itself while observing distant galaxies. If our galaxy were at the center
of expanding universe, observational data would fall along a straight line. In this regard the
problem of locating the center of expanding universe is reduced to locating by simulation a
position from which observational data fall along a straight line [5].
That the expansion of the universe has been decelerating seems to be of gravitational charac-
ter occuring on a scale of the universe, in which the value cH is identied with the gravitational
eld of the universe as seen by the solar system. It is supposed therefore on dynamical grounds
that the present expansion of the universe will eventually cease and be succeeded by a general
contraction. Taken literally, this means that the state of the hot early universe with which the
present universe has started will be reached again at some nite time in the future. It directs
our attention to the Friedmann universe with k = +1 as a realistic cosmological model. The
dynamics of expanding universe can most easily be illustrated by assuming a nongravitational
origin for the present expansion, from which one may picture an outline of the dynamic history
of the universe.
Summarizing the results we see that the acceleration existing in the general recession of
distant galaxies relative to our galaxy is determined by adding to cH the centrifugal acceleration
arising from rotation of the solar system. On the basis of the argument the acceleration as seen
by the solar system has been assumed to be cH, directed towards the solar system. From the
relativity of motion, then, one may say equivalently that cH is the acceleration of our own
galaxy as seen by the solar system, directed away from the solar system. That is to say, from
the general recession of distant galaxies we can realize the acceleration existing in the relative
recession of our own. Pioneer 10/11 moving away from the solar system at the approximately
constant velocity make themseleves ideal instruments to probe for an additional acceleration
in space. To the spacecraft the equation of motion would appear as if they are moving under
2
the inuence of its inertial force. The anomalous acceleration that appeared in Pioneer 10/11
tracking would be an inertial eect coming from the acceleration of our galaxy as seen by
the solar system. In magnitude and direction the anomalous acceleration is in substantial
agreement with what we should expect from Hubble's law. The dierence they have observed
in the retarded velocities of Pioneer 10/11 ts into the physics of the situation we have seen
here from the general recession of distant galaxies. Considerations lead to the conclusion that
the apparent acceleration acting on the spacecraft is a reection of the dynamic feature of
expanding universe, and the Hubble constant inferred from Pioneer 10 data is  77 km/s/Mpc.
References
[1] J. D. Anderson, P. A. Laing, E. L. Lau, A. S. Liu, M. M. Nieto, and S. G. Turyshev, Phys.
Rev. Lett. 81, 2858 (1998).
[2] E. Murphy, Phys. Rev. Lett. 83, 1890 (1999); J. I. Katz, Phys. Rev. Lett. 83, 1892 (1999);
Replies in the following pages.
[3] D. P. Clemens, Astrophys. J. 295, 422 (1985).
[4] H. Lamb, Hydrodynamics (Dover, 1945), 6th ed., p.28.
[5] The Andromeda galaxy is at a distance of 2:2 10
6
light years from our galaxy. According
to the present argument, the retarded velocity of the Andromeda galaxy is seen to be
approaching our galaxy if both galaxies are receding from beyond the Andromeda galaxy.
The \cosmological" blue shift of 80 km/s suggests such a possibility on the supposition that
the Hubble constant along such a direction may be 120 km/s/Mpc or more.
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The Pioneer anomalous acceleration is discussed in relation to the inertial frame dened
by the solar system.
Of great physical interest is that the acceleration cH has already been discussed in a new
law of motion devised by Milgrom in 1983 [1]. He has imputed the mass discrepancy, observed
in galactic systems, not to the presence of dark matter, but to a departure from Newtonian
dynamics below a certain scale of acceleration. A success of the modied dynamics in explaining
astronomical data may be interpreted as implying a need to change the law of inertia in the limit
of small accelerations. In the rst paper under this title, I have given its possible explanation
in terms of the gravitational eld of the universe as seen by the solar system, cH. When related
with Milgrom's modied dynamics, the consideration naturally leads to speculation about the
inertial frame of reference dened by the solar system. That the issue of inertia is not closed
adds interest in such a speculation. Spurred on Milgrom's modication in galactic systems,
here, I should like to remark a modication in the solar system of Newtonian dynamics.
The systematic error in the acceleration residuals of Pioneer 10/11 led to a clue. Appar-












It represents an attempt to render justice to the fact that Pioneer 10/11 have been slowing
down faster than predicted by Newtonian dynamics. The modication makes it obvious that
inertia is due not only to the solar gravitational eld but also to the gravitational eld of the
universe. It requires a careful use of the equivalence principle by noting that inertial forces do
not exactly cancel gravitational forces for freely falling systems. From the apparent acceleration
acting on the spacecraft I conclude that Mach's principle is true.
Mach's principle has been the subject of some lively discussion regarding anisotropy of
inertia [2]. Cocconi and Salpeter suggested that there is a large mass near us, the Milky
Way galaxy, and that Mach's principle would suggest slight dierences in inertial mass when a
particle is accelerated toward or away from the galactic center. In the experiments of Hughes,
Robinson, and Beltran-Lopez, and of Drever, it was shown that, with a precision of 1 part in
10
20
, there is no anisotropy of inertia associated with eects of mass in our galaxy. Strongly
the evidence favors the equivalence principle rather than Mach's principle. Dicke came to
defense, pointing out that as Mach's principle associates the inertial reaction with the matter
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distribution in the universe, an anisotropy in the inertial mass should be universal, the same
for all particles. I should like to add defense: The gravitational eld of the universe as seen by
the solar system is the sum of the gravitational eld with respect to the galactic center and the
centrifugal acceleration due to rotation about the galactic center, in which the gravitational eld
dominates strangely somewhat. Phenomenologically, the gravitational eld of the universe seen
in the solar system directs toward the solar system. Hence, if any, an anisotropy of inertia is to
be expected with respect to the solar system, and at present we are discussing the anisotropy
of inertia toward the solar system from what Pioneer 10/11 have experienced in space.
The modication (1) is a phenomenological scheme which modies the Newtonian frame of
reference into the inertial frame of reference which is compatible with Mach's principle. It is a
process of translating the description of a motion in the Newtonian frame of reference into a
description of the motion in the \Machian" frame of reference. Let us consider in the inertial
frame the motion of a small body in an orbit around the Sun. It leads to a dierential equation

















where m is the mass of the small body, l is the angular momentum, and u and k denote 1=r and
GM

m. The second term in the round bracket is the one which distinguishes the \Machian"
frame from the Newtonian frame of reference.
We may solve the inertial system equation approximately [3]. Let us expand the periodic
solution of the equation into a series
u = + 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where  = mk=l
2
,  = mcH=k, and  is the eccentricity of the ellipse. Let us substitute the

























() +   

: (4)
By comparing the cos() terms we obtain the equation which determines  to a rst approxi-
mation















+   

: (5)
It suggests that the elliptical orbit of a planet referred to the inertial frame of reference rotates




















+   

; (6)
where a is the planetary semimajor axis.
Equation (6) describes the speed at which the perihelion will have retarded per revolution.
The speed expected from Mach's principle increases rapidly as we move away from the Sun.
For Mercury it gives 10
00
per century and for the Earth 16:4
00
. Evidently they destroy the
existing agreements between general relativity and the observed anomalous precession, and
indicate that in observations still remains an unaccountable quantity of the magnitude. We
may suppose a deviation from the inertial frame of reference of the moving equinox to which
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observations are referred [4]. On the other hand, it casts doubt on the validity of calculation.
Is there some unrecognized eect in observations referred to the moving equinox? Or is my
calculation erroneous?
Before going further, we need to look back at the situation. The Pioneer anomaly began
to appear from when the spacecraft were 20 AU away from the Sun. It may be explained as
showing the extent to which the solar radiation eect would overwhelm the inertial reaction
directed towards the Sun. The solar radiation pressure decreases as r
 2
. As has been indicated





, directed away from the Sun. Even granting that the inertial reaction is
present in the planetary system, therefore, we should be aware that the inertial eect may only
be contributing to the precession of the orbits of Uranus, Neptune, and Pluto.
In 1961, Brans and Dicke [5] suggested rather a complete form of the eld equations with a
long-range scalar eld produced by the total mass in the visible universe. In principle we can
identify cH with the long-range scalar eld as seen by the solar system. We observe that the





















We are thus led to an alternative approach by assuming that Einstein's eld equations still
apply, but that the metric diers from the Schwarzschild solution by the long-range scalar
eld as seen by the solar system. Just like an expression gh for the gravitational potential at
height h on the Earth's surface, cHr will be an approximate expression in the solar system
for the gravitational potential of the universe. We would expect therefore that for r ! 1
the metric tensor still satises the boundary condition of approaching the Minkowskian. The
generalization (7) introduces a term  H=c in addition to the relativistic term in the right hand
side of (2). Consequently its eect amounts to replacing  by   H=c in the solution, which
has a negligible eect on the precession of planetary orbits.
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